On the upper semicontinuity of Choquet capacities  by Wei, Guo et al.
International Journal of Approximate Reasoning 51 (2010) 429–440Contents lists available at ScienceDirect
International Journal of Approximate Reasoning
journal homepage: www.elsevier .com/locate / i jarOn the upper semicontinuity of Choquet capacities
Guo Wei a,*, Yangeng Wang b,1, Hung T. Nguyen c, Donald E. Beken a
aDepartment of Mathematics and Computer Science, University of North Carolina at Pembroke, Pembroke, NC 28372, USA
bDepartment of Mathematics, Northwest University, Xi’an, Shaanxi 710069, PR China
cDepartment of Mathematical Sciences, New Mexico State University, Las Cruces, NM 88003, USAa r t i c l e i n f o
Article history:
Received 17 February 2009
Received in revised form 16 October 2009
Accepted 7 December 2009
Available online 16 December 2009
Keywords:
Choquet capacity
Upper probability
Upper semicontinuity
Continuity from above
Induced random closed set
Stereographic projection
Hit-or-miss topology
Hausdorff metric0888-613X/$ - see front matter  2009 Elsevier Inc
doi:10.1016/j.ijar.2009.12.002
* Corresponding author. Tel.: +1 910 521 6582; fa
E-mail addresses: guo.wei@uncp.edu (G. Wei), yg
1 Supported in part by the Shaanxi Science Comma b s t r a c t
The Choquet capacity T of a random closed set X on a metric space E is regarded as or
related to a non-additive measure, an upper probability, a belief function, and in particular
a counterpart of the distribution functions of ordinary random vectors. While the upper
semicontinuity of T on the space of all closed subsets of E (hit-or-miss topology) is highly
desired, T is not necessarily u.s.c. if E is not compact, e.g. E ¼ Rn . For any locally compact
separable metric space E, this controversial situation can be resolved in the probabilistic
context by stereographically projecting X into the Alexandroff compactiﬁcation E1 of E
with the ‘‘north pole” added to the projection. This leads to a random compact set X that
is deﬁned on the same probability space, takes values in a space homeomorphic to the
space of X, and possesses an equivalent probability law. Particularly, the Choquet capacity
T of X is u.s.c. on the space of all closed subsets of E1 . Further, consequences of the upper
semicontinuity of T are explored, and a proof of the equivalence between the upper semi-
continuity of T and continuity from above on FðEÞ is provided.
 2009 Elsevier Inc. All rights reserved.1. Introduction
1.1. The problem and the motivation
Random closed sets (RACS) serve as general mathematical models for set-valued observations and irregular geometrical
patterns of physical phenomena, generate the traditional concept of ordinary random variables, which are regarded as mod-
els for point-valued observations, and play an important role in stochastic geometry.
Let E be a locally compact separable (LCS) metric space, and F the space of all closed subsets of E equipped with the hit-
or-miss topology.
For any RACS X deﬁned on E, the Choquet capacity T of X characterizes the probability law of X completely through the
relation TðKÞ ¼ PðX \ K – ;Þ;K 2 K, where K is the family of all compact subsets of E.
Choquet capacities of RACS are often interpreted through non-additive measures, upper probabilities, belief functions
(see Molchanov [19] and Nguyen [23]), and a counterpart of distribution functions of ordinary (point-valued) random vec-
tors (Wei and Wang [43] or Section 2.2).
Upper semicontinuity and continuity from above are principal mathematical concepts. For instance, cumulative distribu-
tion functions of ordinary point-valued random variables are upper semicontinuous (u.s.c.), and ﬁnite measures are contin-
uous from above. In particular, for Choquet capacities, these two concepts are closely related, as further investigated in this
section.. All rights reserved.
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ticular, for any cumulative distribution function F which is right continuous, the set F1ðð1; aÞÞ ¼ F1ð½0; aÞ is open for any
a 2 ½0;1 (but F1ðða;1ÞÞ ¼ F1ðða;1Þ is not always open), and hence F is u.s.c.
In the Appendix, a proof of the following characterization of upper semicontinuity of Choquet capacities is provided: for
any LCS metric space E,T : F ! ½0;1 is u:s:c: if and only if Fn # F in F implies TðFnÞ # TðFÞ:
In particular, if E is also compact, then T is always u.s.c. on F . Here, F is equipped with the hit-or-miss topology.
In the above result, the latter condition is known as the continuity from above (the continuity from below is deﬁned sim-
ilarly, with the down arrow replaced by the up arrow). Hence, this result shows that, for any Choquet capacity T deﬁned on a
LCS metric space E, the (traditional) upper semicontinuity (with respect to the hit-or-miss topology of F ) is equivalent to the
continuity from above on F . For the sake of convenience, we will adopt the latter in our investigation of upper semiconti-
nuity of T.
By the deﬁnition of Choquet capacities (Section 2.2, or Matheron [16]), any Choquet capacity T is continuous from above
on K, i.e., TðKnÞ # TðKÞ whenever Kn # K .
When the myope topology is equipped on K, an increasing function T : K ! R is u.s.c. if and only if TðKnÞ # TðKÞ as Kn # K
(see Molchanov [19], Proposition D.7, p. 411), and hence any Choquet capacity is u.s.c. with respect to the myope topology on
K. Particularly, r-ﬁnite measures are u.s.c. on K (but not necessarily on F ; the Lebesque measure on E ¼ Rn is one such
example).
For any ﬁnite measure l (such as probability measures), it is continuous from above on all measurable sets, i.e.,
lðAnÞ # lðAÞwhenever An # A, and hence it is u.s.c. on F (hit-or-miss topology) by the previously stated equivalence between
upper semicontinuity and continuity from above.
In particular, to see the importance of semicontinuity in probability theory, let us recall the following fact: if a probability
function P satisﬁes the countable additivity, then P is continuous from above and from below; conversely, if a function P sat-
isﬁes P ðAÞP 0 and PðSÞ ¼ 1, is ﬁnitely additive, and is either continuous from above at the empty set U or continuous from
below, then P is countably additive. Of course, Choquet capacities as upper probabilities satisfy ﬁnite subadditivity (Molcha-
nov [19], Wei and Wang [43]), but fail the ﬁnite additivity in general.
A Choquet capacity T is regarded as a counterpart of distribution functions (which are right continuous, equivalently u.s.c.
as indicated previously) and a (non-additive) generalization of ﬁnite measures (which are particularly u.s.c. in the hit-or-
miss topology of F ), and it is ﬁnite (0 6 T 6 1). Hence, the upper semicontinuity of T on F is highly desired for probability
purpose (e.g. Salinetti and Wets [33], Molchanov [19]), which motivates the investigation of the upper semicontinuity of
Choquet capacities on F .
On the other hand, unless E is compact, T is not necessarily u.s.c. on F , e.g. E ¼ Rn (see Example 3.1).
Convergence in distribution, in probability and almost sure convergence of ordinary random vectors in Rn or random
points in a metric space are well-formulated in terms of the metrics of these spaces, e.g. in Billingsley’s book [8].
In contrast, for RACS, Norberg, Salinetti and Wets’ characterized the convergence in distribution Xn)dX through ”point-
wise” convergence TXn ðKÞ ! TXðKÞ of Choquet capacities, where K belongs to a countable convergence-determining class
(Norberg [28,29], Salinetti and Wets [33], Molchanov [19]), which is a similar concept of distribution continuity points for
ordinary random points (Billingsley [8]). Recently, Wei and Wang investigated the usual modes of stochastic convergence
for RACS by using a metric of the hit-or-miss topology [43].
Because Choquet capacities are not necessarily u.s.c. on F , Salinetti and Wets had to employ another approach, the sym-
metric difference, to investigate the convergence in probability Xn)pX (see Salinetti and Wets [33], Salinetti, Vervaat, and
Wets [34], Wei and Wang [43]). At the same time, they suspected the probability role of T in characterizing RACS and sto-
chastic convergence of RACS. Speciﬁcally, they doubted the upper semicontinuity of Choquet capacities on F [33]: for E ¼ Rn,
‘‘continuity of T with respect to the (relative) hit-or-miss topology on K (the space of all compact subsets of E) does not ap-
pear to be the appropriate concept in this probabilistic context, since we cannot even claim the upper semicontinuity of T
(with respect to the hit-or-miss topology on F ), a property we would expect from every distribution function whose domain
has been suitably topologized.”
In summary, as an upper probability or a counterpart of distribution functions, each Choquet capacity T is expected to be
u.s.c. on F . On the other hand, there are examples in Rn where T is not necessarily u.s.c. (Example 3.1). Hence, a controversial
situation is reached regarding the upper semicontinuity of Choquet capacities.
Clearly, an appropriate resolution of this controversy in the probabilistic context is important to random set theory, and
more general it can restore the fundamental role of Choquet capacities in probability theory (see Sections 2.2 and 4). This,
therefore, comprises the main focus of the paper.
Throughout the paper, regular letter P represents a probability function (refer to Deﬁnition 1.1); italic P represents the
induced probability measure ðP ¼ PX1Þ.
1.2. Approach to resolve the problem
Two random elements are said to be equivalent if their probability spaces are identical, their spaces are homeomorphic
and their probability laws are equivalent. To interpret this equivalence precisely, let ðX;A;PÞ be a probability space, F 1 and
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spaces ðF 1;BðF 1ÞÞ and ðF 2;BðF 2ÞÞ;X1 and X2 two measurable functions from ðX;A; PÞ into these two measurable spaces, and
P1 and P2 the probability measures of X1 and X2, respectively. The said equivalence means, hðBðF 1ÞÞ ¼ BðF 2Þ;
h1ðBðF 2ÞÞ ¼ BðF 1Þ;X11 ðUÞ ¼ X12 ðhðUÞÞ for any U 2 BðF 1Þ, and hence P1ðUÞ ¼ PðX11 ðUÞÞ ¼ PðX12 ðhðUÞÞÞ ¼ P2ðhðUÞÞ.
Given a RACS X on a LCS metric space E, its induced RACS X (see Deﬁnition 1.1) is such an equivalent random element
(Section 3.4) whose Choquet capacity is u.s.c. with respect to the hit-or-miss topology of the space of X (see (15) of Section 6).
Let E1 be the Alexandroff compactiﬁcation of E and i : E! E1 the natural embedding of E into E1.
In particular, when E ¼ Rn; E1 can be taken as the n-dimensional unit sphere Sn centered at ð0; . . . ;0;1Þ 2 Rnþ1 with the
‘‘north pole” at x1 ¼ ð0; . . . ;0;2Þ 2 Rnþ1, and i is the stereographic projection of Rn to Sn.
We now introduce the so-called induced RACS X on E1 that is obtained by stereographically projecting X into E1 with a
single point (the ‘‘north pole”) added to the projection. In Deﬁnition 1.1 below, the mapping C : FðEÞ ! FðE1Þ, deﬁned by
CðFÞ ¼ iðFÞ [ fx1g, is a homeomorphic embedding (see (5) in Section 3.3), and BðFÞ is the Borel r-ﬁeld generated by the open
sets of F (which is the same as that generated by compact sets since each open set is r-compact and each compact set is Gd
when E is a LCS metric space).
Deﬁnition 1.1. Let X be a RACS from a probability space ðX;A;PÞ to the measurable space ðFðEÞ;BðFðEÞÞÞ, i.e., an
A BðFðEÞÞmeasurable function. Then X deﬁned below is a function from the same probability space to another measurable
space ðFðE1Þ;BðFðE1ÞÞÞ and is called the induced RACS of X:XðxÞ ¼ CðXðxÞÞ ¼ iðXðxÞÞ [ fx1g for x 2 X: ð1ÞSuch a construction of X reﬂects the convergence of closed sets in the hit-or-miss topology (Sections 2.1 and 3.3). We will
show that the measurability of X implies that of X. Here, X is a random compact set and is deﬁned on the same probability
space, simulates X in the space E1, possesses the same probability law (thus equivalent to X – see Remark 3.2), and in par-
ticular the Choquet capacity T of X is u.s.c. on the whole hyperspace space FðE1Þ (see (15) of Section 6).
With this setting, it follows from the facts ‘‘in the hit-or-miss topology, XnðxÞ ! XðxÞ if and only if XnðxÞ ! XðxÞ and
XnðxÞ # XðxÞ if and only if XnðxÞ # XðxÞ for every x 2 X (see (7) and (8) in Section 3.3)” that the convergence of the given
RACS deﬁned on E is completely characterized by the convergence of the induced RACS, which are deﬁned on E1. In other
words, the study of the given RACS (whose Choquet capacities are not u.s.c.) is ‘‘replaced” by the study of their induced RACS
(whose Choquet capacities are u.s.c.), which shows a clear advantage of our approach.
Section 2 includes some preliminaries about the hit-or-miss topology, Choquet Theorem, and the role of RACS in proba-
bility theory. Section 3 explores properties of the induced RACS and the relation to the original RACS. Specially, the upper
semicontinuity of both is rigorously investigated and compared. Moreover, the reason that causes the Choquet capacity of
the original RACS X failing to be u.s.c. is identiﬁed (Remark 3.5). In Section 4, consequences of the upper semicontinuity
of induced Choquet capacities are explored. In Section 5, several remarks regarding the potentials of the upper semiconti-
nuity of induced Choquet capacities are noted. In the Appendix (Section 6), a proof of the equivalence between the upper
semicontinuity of T and continuity from above on F is provided.
2. Preliminaries
2.1. The hit-or-miss topology
Given a topological space E, let FðEÞ;GðEÞ, and KðEÞ denote, respectively the sets of all closed, open and compact subsets of
E, abbreviated as F ;G, and Kð; 2 F ; ; 2 G and ; 2 K).
The hit-or-miss topology sf on F (also known as H-topology [12], Fell topology [19,27], Choquet–Matheron topology [35],
or weak Vietoris topology [41]) is generated by the subbaseF K ;K 2 K; FG; G 2 G
where F K ¼ fF 2 F j F \ K ¼ ;g and FG ¼ fF 2 F jF \ G–;g. A topological base of sf isF KG1 ;...;GnK 2 K; Gi 2 Gð1 6 i 6 nÞ; nP 0;
where F KG1 ;...;Gn ¼ F K \ FG1 \ . . . \ FGn . Note that F; ¼ F and F KG1 ;...;Gn means F K when n ¼ 0 (Matheron [16]).
The myope topology sk on K is generated by the subbase
KF ; F 2 F ; KG; G 2 G:If E is compact, ðK; skÞ and ðF ; sf Þ are identical; but sk is strictly ﬁner than the relative topology induced by sf on K#F if E is
not compact (Matheron [16]).
The hit-or-miss topology on arbitrary underlying spaces (Hausdorff or not) was introduced by Fell in 1962 for construct-
ing the regularized dual space of C*-algebra [11,12]. In 1975, Matheron re-discovered this topology when investigating the
distribution and Choquet Theorem of random sets [16]. Earlier investigation of this topology were in fact given by Watson in
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metric spaces and locally compact Hausdorff spaces, respectively.
As a variation of the Vietoris topology, deﬁned as the meet of the co-compact topology and lower Vietoris topology
[16,27,7], the hit-or-miss topology is closely related to the Vietoris topology, Hausdorff metric, Wijsman topology, and upper
Kuratowski topology (a topologization) (see e.g. [16,7], Michael [18], and the summary in [43]).
The convergence of the hit-or-miss topology is consistent with the natural convergence of closed sets: For a locally com-
pact metric space ðE; dÞ; Fn converges if and only if for any x 2 E; dðx; FnÞ converges in the topology of the compactiﬁed half
straight line; when Fn converges to F, F ¼
T
nP1
S
kPnFk (Matheron [16], pp. 10–11 and p. 8). This hyperspace topology is metr-
izable if and only if E is locally compact second countable Hausdorff (thus a LCS metric space); see Flachsmeyer [13], Beer [6].
So far, four compatible metrics of the hit-or-miss topology are known. One (the stereographic distance q) is on F , con-
structed by using the Alexandroff compactiﬁcation E1 of E (see Watson [40], Rockafellar and Wets [30,31], Zhou [44], Wei
and Wang [42]), another is on F n f;g, constructed bypassing the Alexandroff compactiﬁcation of E (see Lechicki and Levi
[15]), still another is the Hausdorff–Busemann metric which is compatible with the hit-or-miss topology on F n f;g but
not on F (see Molchanov [19], Wei and Wang [42]), and the fourth is on F , also constructed bypassing the Alexandroff com-
pactiﬁcation of E (Wei and Wang [43]). Moreover, it is known that a metric d of E can be extended to a metric of the hit-or-
miss topology on F if and only if d is of compact-type, i.e., the metric d of E can be obtained by restricting a metric of E1 on E
(Wang et al. [39]).
2.2. Choquet Theorem: roles of Choquet capacities and hit-or-miss topology
Let P denote the class of all subsets of E. N denotes the set of all positive integers. A capacity is a mapping T : P ! ½0;1
satisfying the following three conditions (Matheron [16]):
(i) If A;B 2 P and A#B; then TðAÞ 6 TðBÞ;
(ii) For A;An 2 P ðn 2 NÞ; if An " A in P ði:e:; An#Anþ1 for n 2 N and
S1
n¼1An ¼ A), then TðAnÞ " TðAÞ;
(iii) For K;Kn 2 K ðn 2 NÞ; if Kn # K in Kði:e:; Knþ1#Kn for n 2 N and
T1
n¼1Kn ¼ K), then TðKnÞ # TðKÞ.
The Choquet capacity T of a RACS X holds an additional probability condition, alternating of inﬁnite order which is de-
scribed as follows.
Let K;K1;K2; . . . be compact sets of E, and let DnðK;K1; . . . ;KnÞ be the probability for X to hit K1; . . . ;Kn but miss K. Then all
functions Dn deﬁned below must be non-negative (see Matheron [16]).D1ðK;K1Þ ¼ TðK [ K1Þ  TðKÞ
D2ðK;K1;K2Þ ¼ D1ðK;K1Þ  D1ðK [ K2;K1Þ ð2Þ
  
DnðK;K1; . . . ;KnÞ ¼ Dn1ðK;K1; . . . ;Kn1Þ  Dn1ðK [ Kn;K1; . . . ;Kn1Þ:Since DnðK;K1; . . . ;KnÞ ¼
P
;–I# f1;2;;ngð1ÞjIjþ1TðK [
S
i2IKiÞ  TðKÞ, (2) is the same as: T is monotone increasing on K and the
inequalityT
\n
k¼1
Ki
 !
6
X
;–I# f1;2;...;ng
ð1ÞjIjþ1 T
[
i2I
Ki
 !
ð3Þholds for all nP 2 (Nguyen [23, p. 117]). Notice that for a probability measure, the inequality (3) becomes an equality (Poin-
caré’s equality, see Nguyen [23, p. 12]).
Let T be deﬁned onK, satisfy Conditions (i)–(iii), and be alternating of inﬁnite order. When E is a LCS metric space, T can be
extended to P by ﬁrst to open sets and then to arbitrary sets:TðGÞ ¼ supfTðKÞ jK 2 K;K#Gg and TðAÞ ¼ inffTðGÞ jG 2 G;G  Ag ð4Þ
Such an extension T holds Conditions (i)–(iii), is alternating of inﬁnite order on P, and hence is a Choquet capacity on P. For
convenience, we will write T for this extension instead of T. The Choquet capacity of a RACS X characterizes the probability
law P of X, and has been extensively investigated, see e.g. [2,16,19–21,23,24,26,35,36,41].
Choquet Theorem: (see Matheron [16]). Let E be a LCS metric space and F the space of all closed sets of E equipped with
the hit-or-miss topology. Then there exists a (necessarily unique) probability measure P on the Borel r-ﬁeld BðFÞ generated
by the topology of F satisfying TðKÞ ¼ PðX \ K – ;Þ ¼ PðFKÞfor K 2 K if and only if T is a Choquet capacity on K with
0 6 T 6 1 and Tð;Þ ¼ 0. h
Choquet Theorem is the foundation of random set theory. It reveals the relationship between the Choquet capacity T of X
and the probability measure P of X. In this theorem, the probability law P describes the random evolution of X; the Choquet
capacity T (T is subadditive) plays the role of the distribution functions of ordinary random vectors; the hit-or-miss topology
governs the convergence of closed sets, which is consistent with the standard convergence of closed sets (see Section 2.1 or
[16,43]). The theory of RACS originates from the hit-probability (miss-probability).
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pletely characterized by its associated Choquet capacity. See e.g. Molchanov [19], Wei and Wang [43].
3. Upper semicontinuity of Choquet capacities
3.1. Properties of T regarding extension
Since E is LCS metrizable, every Borel set B# E is capacitable (Meyer [17]), i.e.,TðBÞ ¼ supfTðKÞ jK 2 K; K#Bg:
According to Matheron, (1) it is not at all obvious that F B belongs to the Borel r-ﬁeld BðFÞ, and (2) the relationship
TðBÞ ¼ PðF BÞ is questionable. But by considering a decreasing sequence Gn of open sets and an increasing sequence Kn of
compact sets with Gn # B and Kn " B, he proved that F B is measurable for the completion ðF ; ~BðFÞ; ePÞ of ðF ;BðFÞ; PÞ andeP satisﬁes ePðF BÞ ¼ TðBÞ (Matheron [16, p. 30]).
By the deﬁnition of capacities, every (Choquet) capacity T is continuous from above on K, i.e., Kn # K in K implies
TðKnÞ # TðKÞ (Section 2.2, Condition (iii)).
3.2. Properties of T regarding upper semicontinuity on F
By the extension of T in (4), for any K, there exists some decreasing sequence Gn of open sets such that TðGnÞ # TðKÞ. In
particular, if Gn is a (decreasing) open neighborhood system of K (this is stronger than Gn # K), then TðGnÞ # TðKÞ. In fact,T
n2NFGn ¼ FT
n2NGn
¼ F K ; hence, it follows from the countable additivity of P and PðFKÞ ¼ TðKÞ that infn2NTðGnÞ ¼
infn2NPðFGn Þ ¼ Pð
T
n2NFGn Þ ¼ PðFT
n2NGn
Þ ¼ PðFKÞ ¼ TðKÞ, i.e., TðGnÞ # TðKÞ. However, if Gn is an arbitrary decreasing sequence
of open sets, Gn # K may not imply TðGnÞ # TðKÞ (see Example 3.1).
In contrast, Fn # F in F does not necessarily imply TðFnÞ # TðFÞ (Example 3.1). In a special case where F ¼ K is compact and
the sequence Fn is controlled by an open neighborhood system Gn of K, i.e., K# Fn#Gn, then TðFnÞ # TðKÞ since
TðKÞ 6 TðFnÞ 6 TðGnÞ and TðGnÞ # TðKÞ. In general, T is u.s.c. on F if and only if Fn # F in F implies TðFnÞ # TðFÞ (Section 6).
However, a condition ensuring that Fn # F in F implies TðFnÞ # TðFÞ remains unknown. Therefore, the upper semicontinuity
of T on F , or equivalently TðFnÞ # TðFÞ which is equivalent to ePðF Fn Þ # ePðF FÞ, cannot be guaranteed.
Notice that Fn # F implies that Fn converges to F in the hit-or-miss topology sf , and likewise, Kn # K implies that Kn con-
verges to K in the myope topology sk.
Next, we explore the differences regarding the convergence Fn # F between the two cases: E is compact and E is non-
compact.
When E is compact, the convergence to the empty set ; 2 F is trivial as ; is an isolated point. If Kn # F in F , then F is nec-
essarily compact since it is the intersection of the compact sets Kn’s. In particular, if Kn # ;, then all (except at most ﬁnitely
many) Kn’s are the empty set; consequently, TðKnÞ # Tð;Þ. As E is compact, closed sets and compact sets are identical, and
hence Fn # F in F are actually Kn # K in K. So T is always u.s.c. in this case.
However, when E is non-compact, ; is not isolated; with the inclusion of ;;F becomes compact in the hit-or-miss topol-
ogy. The convergence of a sequence of closed subsets toward the empty set of E is a unique characteristic of the hit-or-miss
topology (F K ; K 2 K, are the neighborhoods of ; 2 F !), and the convergence toward a non-compact closed subset of E in-
volves the convergence toward the empty set as a part (Wei andWang [42], see also Example 3.1). Although the convergence
Kn # K in F remains similar to the case where E is compact, the convergence Fn # F in F becomes quite different. In particular,
it may hold Fn # ; while none of Fn’s is the empty set ;. Consequently, TðFnÞ # TðFÞ, in particular TðFnÞ # Tð;Þ, becomes ques-
tionable, as shown in Example 3.1.
Example 3.1. Let E ¼ R. We give counterexamples for all the three possibilities.
Case 1. Fn # ; in F . Let Fn ¼ ½n;1Þ;n 2 N. Clearly, Fn # ;. Consider the constant RACS X ¼ R. Then TðFnÞP Tð½n;nþ 1Þ ¼
PðF ½n;nþ1Þ ¼ PðX \ ½n;nþ 1– ;Þ ¼ 1 for all n 2 N, but Tð;Þ ¼ 0. Hence, TðFnÞ # Tð;Þ does not hold. In this case, an
open neighborhood system of ; is not deﬁned in E.
Case 2. Fn # K in F where K is a non-empty compact subset of E. Let Fn ¼ ½0;1 [ ½n;1 and K ¼ ½0;1. Clearly, Fn # K . Con-
sider the constant RACS X ¼ ½2;1. Then TðFnÞP Tð½n;nþ 1Þ ¼ PðF ½n;nþ1Þ ¼ PðX \ ½n;nþ 1– ;Þ ¼ 1 for all n 2 N,
but TðKÞ ¼ PðX \ K – ;Þ ¼ 0. Hence, TðFnÞ # TðKÞ does not hold. Notice that an open neighborhood system of K that
controls Fn does not exist.
Case 3. Fn # F in F where F is a non-empty closed subset of E (but non-compact). Let Fn ¼ ð1;0 [ ½n;1Þ and F ¼ ð1;0.
Clearly, Fn # F. Consider the constant RACS X ¼ ½1;1Þ. Then TðFnÞP Tð½n;nþ 1Þ ¼ PðF ½n;nþ1Þ ¼ PðX\
½n;nþ 1 – ;Þ ¼ 1 for all n 2 N, but TðKÞ ¼ PðX \ K – ;Þ ¼ 0. Hence, TðFnÞ # TðKÞ does not hold.
Moreover, when Fn is replaced by Gn ¼ 0 1n ;1þ 1n
  [ ðn;1Þ, the situations are similar to that of Cases 1 and 2.
In summary, T is not necessarily u.s.c. on F if E is not compact.
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It is known thatC : FðEÞ ! FðE1Þ; CðFÞ ¼ iðFÞ [ fx1g; F 2 FðEÞ ð5Þ
is a homeomorphic embedding, and hence a sequence Fn converges to F in FðEÞ if and only if CðFnÞ converges to CðFÞ in FðE1Þ
(see Matheron [16, p. 14]; Watson [40]; Mrowka [22]; Wei and Wang [42]). Particularly, Fn # F in FðEÞ if and only if
CðFnÞ # CðFÞ in FðE1Þ.
Given any RACS X on a LCS metrizable space E, recall the deﬁnition of the induced RACS X that is obtained by stereograph-
ically projecting X to E1 and adding the ‘‘north pole” x1 to the projection (Deﬁnition 1.1):XðxÞ ¼ CðXðxÞÞ ¼ iðXðxÞÞ [ fx1g for x 2 X: ð6Þ
With this setting, we haveXnðxÞ ! XðxÞ in FðEÞ if and only if XnðxÞ ! XðxÞ in FðE1Þ; x 2 X: ð7Þ
and in particular, it holds thatXnðxÞ # XðxÞ in FðEÞ if and only if XnðxÞ # XðxÞ in FðE1Þ; x 2 X: ð8Þ
Consequently, the convergence of RACS deﬁned on E is completely characterized by the convergence of the induced RACS,
which are deﬁned on E1. In other words, the study of the given RACS (whose Choquet capacities are not u.s.c.) can be ‘‘re-
placed” by the study of their induced RACS (whose Choquet capacities are u.s.c.), which is a clear advantage of the approach.
From now on, P and T stand for the probability measure and Choquet capacity of X, and P and T stand for the probability
measure and Choquet capacity of X.
The equivalence between X and X according to their probability laws is proved at below (see Remark 3.2).
Remark 3.2. Let ðF 1;q1Þ and ðF 2;q2Þ be two homeomorphic metric spaces, and let h : F 1 ! F 2 be the homeomorphism.
Then every Borel set U in F 1 is mapped to a Borel set hðUÞ, and vice versa by h1. Hence, the two measurable spaces
ðF1;BðF 1ÞÞ and ðF2;BðF 2ÞÞ are structurally identical (isomorphic Borel r-ﬁelds). Consequently, any random element
X1 : ðX;A;PÞ ! ðF 1;BðF1ÞÞ induces one from the same probability space to the other measurable space ðF 2;BðF2ÞÞ by h, i.e.,
h  X1 : ðX;A;PÞ ! ðF2;BðF2ÞÞ, and conversely any random element X2 : ðX;A;PÞ ! ðF2;BðF 2ÞÞ induces one from the same
probability space to the other measurable space ðF1;BðF1ÞÞ by h1  X2. Such a pair of random elements X1 and X2 are said to
be equivalent.
Now, the measurable space of X is deﬁned on ðFðEÞ;qÞ, and the measurable space of X is deﬁned on ðFðE1Þfx1g; dHÞwhere
(1) q is the stereographic distance (since FðEÞ is compact, q is necessarily complete, separable and totally bounded [10]);
(2) d is a metric of E1 (as E1 is compact, d is complete, separable and totally bounded);
(3) dH is the Hausdorff metric (induced by d) on FðE1Þ n f;g (since E1 is compact, ; is an isolated point in FðE1Þ and hence
FðE1Þ n f;g remains compact; consequently, dH is complete, separable and totally bounded); and
(4) C : FðEÞ ! FðE1Þfx1g deﬁned by CðFÞ ¼ iðFÞ [ fx1g is a homeomorphism (see [40,22,30,44,42]). Notice that
CðFðEÞÞ ¼ FðE1Þfx1g ¼ fA 2 FðE1Þ jx1 2 Ag.
Hence, by Remark 3.2, the induced RACS X and the original RACS X are equivalent, and the former ‘‘simulates” the latter in
another space.
The theorem below assures that X is a well-deﬁned RACS on E1.
Theorem 3.3. If X : ðX;A;PÞ ! ðFðEÞ;BðFðEÞÞÞ is measurable, then so is X : ðX;A; PÞ ! ðFðE1Þ;BðFðE1ÞÞÞ.
Proof. Since C : FðEÞ ! FðE1Þ is an embedding and CðFðEÞÞ ¼ fA 2 FðE1Þ j x1 2 Ag;C : FðEÞ ! fA 2 FðE1Þ j x1 2 Ag is a
homeomorphism. Let V 2 BðFðE1ÞÞ. As CðFðEÞÞ is a compact subset of FðE1Þ;V \ CðFðEÞÞ is Borel in CðFðEÞÞ and hence
C1ðV \ CðFðEÞÞÞ 2 BðFðEÞÞ. By (6), X 1ðVÞ ¼ X 1ðV \ CðFðEÞÞÞ ¼ X1ðC1ðV \ CðFðEÞÞÞÞ, which belongs to A since X is mea-
surable. h
By the construction (6), the actual range of X is FðE1Þfx1g. Since FðE1Þfx1g is a compact subspace of FðE1Þ (thus a Borel
measurable set), the Borel r-ﬁeld on FðE1Þfx1g is identical with the restriction of the Borel r-ﬁeld of FðE1Þ. Hence, with the
restricted measurable space, X : ðX;A;PÞ ! FðE1Þfx1g is also measurable.
For any F 2 FðEÞ;CðFÞ is a compact subset of E1 and hence X is in fact a random compact set. Since E1 is compact, every
Choquet capacity T : FðE1Þ ! ½0;1 is u.s.c. on the whole space FðE1Þ (see Appendix, (15)). In particular, if Fn # F in FðEÞ,
then CðFnÞ # CðFÞ in FðE1Þ, and, therefore, we have TðCðFnÞÞ # TðCðFÞÞ and PðFðE1ÞCðFnÞÞ # PðFðE1ÞCðFÞÞ.
Example 3.4 (Continue from Example 3.1). Let E1 be taken as S
1, the unit circle centered at (0, 1) of the plane with the north
pole at x1 ¼ ð0;2Þ. XðxÞ ¼ CðXðxÞÞ ¼ iðXðxÞÞ [ fx1g ¼ iðRÞ [ fx1g ¼ S1. Hence, X is a constant RACS in S1. Notice that for
CðFnÞ ¼ iðFnÞ [ fx1g and Cð;Þ ¼ ið;Þ [ fx1g ¼ fx1g. We now have CðFnÞ # Cð;Þ in FðE1Þ and TðCðFnÞÞ # TðCð;ÞÞ since
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PðFðE1Þfx1gÞ ¼ 1. Moreover, TðiðKÞÞ ¼ TðKÞ for all K 2 KðEÞ.
It is similar for Cases 2 and 3.
Remark 3.5. For an ordinary countably additive measure l in Rn, if Fn # F, then lðFnÞ # lðFÞ. In particular, this remains true
when F ¼ ;. However, when dealing with RACS X on Rn, the probability measure of X is deﬁned on the hyperspace F of Rn;
Fn # F does not guarantee F Fn # F F , where the latter would imply PðF Fn Þ # PðF FÞ and hence TðFnÞ # TðFÞ.
In fact, F Fn #
T
n2NF Fn  –qFT
n2NFn
¼ F F , and consequently, PðF Fn Þ # PðF FÞ and TðFnÞ # TðFÞ may not hold since a RACS
could hit all the Fn’s simultaneously but at the same time miss their intersection (the intersection can even be empty). In
contrast, for a random point, when it hits these Fn’s simultaneously, it actually hits their intersection. This is the difference
between a general RACS and a random singleton set (or an ordinary random point such as a random vector).
Given a RACS X on Rn, let T and P be the Choquet capacity and probability measure associated with X that are determined
by Choquet Theorem.
Case 1. Fn # ; in F . When E is compact, the empty set ; of E is an isolated point in F ; hence, all except at most ﬁnitely many
Fn’s are themselves the empty set ; and TðFnÞ ¼ Tð;Þ ¼ 0 except for at most ﬁnitely Fn’s (of course TðFnÞ # Tð;Þ).
Thus let E be a non-compact LCS metric space and Fn – ;. Clearly, F; ¼ ; (as a subset of F ) and hence
Tð;Þ ¼ PðF;Þ ¼ Pð;Þ ¼ 0; but for the decreasing sequence F Fn , the intersection
T
n2NF Fn – ; since E 2 F Fn for every
n 2 N. Hence, it follows from ePðF Fn ÞP ePðTn2NF Fn Þ that TðFnÞP ePðTn2NF Fn Þwhere eP is the completion of P. There-
fore, TðFnÞ # 0 is not guaranteed.
Case 2. Fn # F in F where F – ;. Similar to the above discussion, Fn # F (thus for any measure l in E, lðFnÞ # lðFÞ) does not
guarantee F Fn # F F , where the latter would imply PðF Fn Þ # PðF FÞ and TðFnÞ # TðFÞ. Actually, Fn # F may include a
convergence to ; as a part. For example, let X be any point of E and xn a sequence of points of E such that
xn – x;n 2 N; and xn converges to inﬁnity (i.e., iðxnÞ converges to x1 in E1). Consider F ¼ fxg and Fn ¼ fx; xng. Then
Fn # F in F but F Fn # F F does not hold. In fact, let A ¼ fxk jk 2 Ng. Then A 2 F Fn for every n 2 N and hence
A 2 Tn2NF Fn ; however, A R F F .3.4. Relations between random closed sets and their induced random closed sets
Next, we will explore the relations between X and X in terms of their Choquet capacities and their probability laws, which
are given in (9) below. In particular, the events ðX ¼ ;Þ and ðX ¼ fx1gÞ are equivalent; the events ðX \ K – ;Þ and
ðX \ iðKÞ– ;Þ are equivalent for each K 2 KðEÞ.
Theorem 3.6. The relation between X and X is given by the following equalities:TðiðKÞÞ ¼ TðKÞ;K 2 KðEÞ; PðX 2 UÞ ¼ PðX 2 UÞ; U 2 BðFðEÞÞ; ð9Þ
where U represents any Borel measurable set of FðEÞ and U ¼ fiðFÞ [ fx1g jF 2 Ug.
Proof. By applying the Choquet Theorem for X and X, respectively, we have TðKÞ ¼ PðFðEÞKÞ ¼ PðX \ K – ;Þ for K 2 KðEÞ, and
TðiðKÞÞ ¼ PðFðE1ÞiðKÞÞ ¼ PðX \ iðKÞ – ;Þ ¼ PðX \ iðKÞ – ;Þ for K 2 KðEÞ. On the other hand, ðX \ K – ;Þ and ðX \ iðKÞ – ;Þ are
equivalent events since XðxÞ and K meet in E if and only if XðxÞ and iðKÞ meet in E1 (noting that x1 2 XðxÞ but
x1 R iðKÞ). Hence, we have shown that TðiðKÞÞ ¼ TðKÞ for every K 2 KðEÞ.
The probability equality in (9) holds since the events fx 2 X jXðxÞ 2 Ug and fx 2 X jXðxÞ 2 Ug are equivalent, which is
seen from the construction of X and the homeomorphism C between the space ðCðFðEÞÞ; dHÞ of X and the space ðFðEÞ;qÞ of
X. h
By Theorem 3.6 and (6), T is completely determined on KðE1Þ byTðHÞ ¼ Tði
1ðHÞÞ; if H 2 KðE1Þ and x1 R H
1; if H 2 KðE1Þ and x1 2 H
(
ð10Þand hence on PðE1Þ by following the standard extension (4).
The extension of T to GðEÞ then to FðEÞ and the extension of T to GðE1Þ then to FðE1Þ are achieved separately through the
standard extension (4). However, the embedding i : E! E1 which preserves compact sets and open sets, and the relation
between T and T on compact sets given in (9) and (10) together ensure thatTðiðGÞÞ ¼ TðGÞ;G 2 GðEÞ; TðiðFÞÞ ¼ TðFÞ; F 2 FðEÞ:
Theorem 3.6 and (10) clearly explain the upper semicontinuity of T. In fact, since E1 is compact, closed sets and compact sets
in E1 are identical, i.e., FðE1Þ ¼ KðE1Þ. Consequently, Hn # H in FðE1Þ is actually Hn # H in KðE1Þ. Now if x1 2 H, then
x1 2 Hn for all (except at most ﬁnitely many) n 2 N and hence TðHnÞ ¼ TðHÞ ¼ 1 by (10). If x1 R H, then there exists
m 2 N such that x1 R Hn for all nP m. Noting that i1ðHÞ and i1ðHnÞ;nP m, are compact sets of E, it follows from (9) of The-
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holds for all nP m.
Regarding the convergence in distribution, in probability, or almost surely convergence, a sequence Xn of RACS converges
to a RACS X (underlying space E) if and only if the corresponding sequence Xn of random compact sets converges to the ran-
dom compact set X (underlying space E1).
3.5. Further properties of induced random closed sets
Advantages of the consideration of induced RACS are multiple. In addition to the upper semicontinuity and Theorem 3.6,
the underlying space E1 of X is a compact metric space. Consequently, X is a random compact set on E1 (not even takes any
non-compact set as a value). Hence, the distribution of X is automatically tight (Molchanov [19, p. 21]), i.e., for any  > 0,
there exists a K 2 FðE1Þ such that PðX#KÞP 1 . In contrast, X is not necessarily tight. For example, let xn be a divergent
sequence of points in a non-compact LCS metrizable space E. Put F ¼ fx1; x2; . . .g. Consider the RACS X, which has the point
distribution on F. Then, for any K 2 KðEÞ;PðX#KÞ ¼ 0. As X is a random compact set, its distribution is uniquely determined
by its containment function CðKÞ ¼ Pðfx 2 X jXðxÞ#KgÞ;K 2 KðE1Þ; for a general RACS, its containment function restricted
to compact sets may be degenerated and, thus, is insufﬁcient to determine the distribution (Molchanov [19, p. 23]). Notice
that CðKÞ ¼ 1 TðKcÞ. The convergence of a sequence of induced RACS corresponds to the convergence of a sequence of com-
pact sets; the convergence of the original sequence of RACS corresponds to the convergence of a sequence of closed sets.
Random compact sets are also useful for investigating attractors of random dynamical systems [37].
In particular, for any compact random sets Xn;n 2 N deﬁned on the same probability space and measurable space, it is
impossible to have XnðxÞ # ; unless all except at most ﬁnitely many XnðxÞ’s are themselves the empty set. Therefore, it is
reasonable to require TðXnðxÞÞ # 0 and more general TðXnðxÞÞ # TðXðxÞÞ when XnðxÞ # XðxÞ.
Proof of the theorem below is straightforward.
Theorem 3.7. Let E be LCS metrizable and let X be a RACS on E. Then the induced RACS X on the Alexandroff compactiﬁcation E1 is
a random compact set satisfyingPððF1ÞKÞ ¼ TðKÞ ¼ P ðX \ K – ;Þ; K 2 KðE1Þ and x1 R K;
or, which is the same,PððF1ÞiðKÞÞ ¼ TðiðKÞÞ ¼ P ðX \ iðKÞ – ;Þ; K 2 KðEÞ;
andPððF1ÞKÞ ¼ TðKÞ ¼ P ðX \ K – ;Þ ¼ 1; K 2 KðE1Þ and x1 2 K;
or, which is the same,PððF1ÞiðKÞ[fx1gÞ ¼ TðiðKÞ [ fx1gÞ ¼ P ðX \ ðiðKÞ [ fx1gÞ – ;Þ ¼ 1; K 2 KðEÞ;
where F1 ¼ FðE1Þfx1g contains the support of P. h
Corollary 3.8 below is implied by Theorem 3.7, and shows some special properties of the induced Choquet capacity T .
Corollary 3.8PðFðE1Þfx1gÞ ¼ Tðfx1gÞ ¼ P ðX \ fx1g– ;Þ ¼ 1;
PðFðE1Þfx1gÞ ¼ 1 Tðfx1gÞ ¼ P ðX \ fx1g ¼ ;Þ ¼ 0: 4. Some consequences of the upper semicontinuity of Choquet capacities
When E is a LCS metric space (but non-compact), a Choquet capacity T : FðEÞ ! ½0;1 is not necessarily u.s.c., and thus the
hypograph hypo ðTÞmay not be a closed set of the product space FðEÞ 	 ½0;1. This even happens when E ¼ Rn (Example 3.1).
In contrast, with the framework established in Section 3, it is now known that, when E is LCS metrizable (which is the
usual domain in applications of RACS), the Choquet capacity T of the induced RACS X is always u.s.c. on the whole hyperspace
FðE1Þ.
The consequences of the upper semicontinuity of T are multiple.
One is that the hypograph of T is a closed set of the product space FðE1Þ 	 ½0;1, which admits the hypograph represen-
tation of the induced RACS X.
The hypograph of an u.s.c. function is a closed subset of the relevant product space. This standard method of identifying
u.s.c. functions with sets in a product space is an enormously inﬂuential approach in stochastic geometry and optimization
(Molchanov [19]), and has been extensively studied in the literature, e.g. Attouch [1], Dal Maso [9], Beer, Rockafellar and
G. Wei et al. / International Journal of Approximate Reasoning 51 (2010) 429–440 437Wets [3], Beer and Lucchetti [4], Beer [5], Rockaffelar and Wets [30], Salinetti and Wets [32], Vervaat [38], Molchanov [19],
Lachout [14], Nguyen, Wang and Wei [25].
Speciﬁcally, an u.s.c. Choquet capacity T admits the identiﬁcation of T with a closed set in the product space FðE1Þ 	 ½0;1
via the hypograph of T deﬁned below:2 Eve
indicatohypoðTÞ ¼ fðF;aÞ 2 FðE1Þ 	 ½0;1 ja 6 TðFÞg: ð11Þ
Hypographs represent Choquet capacities completely viaTðFÞ ¼ supfa j ðF;aÞ 2 hypoðTÞg: ð12Þ
Consequently, for a given RACS X on a LCS metric space E, one can consider its induced RACS X. The advantage of this ap-
proach is that the hypograph representation of the Choquet capacity T of a RACS X is via a closed set and thus leads success-
fully to Matheron’s framework.
Another is that such a T is Borel measurable,2 and integrable in the sense of Lebesgue–Stieltjes over the space FðE1Þ (Noting
that 0 6 T 6 1). For instance, the integral
R
FðE1Þ TðAÞ d kðAÞ with respect to a given probability measure k of FðE1Þ is admitted
(which deﬁnes an expected value of T). Such an integral is different from the Choquet integral
R1
0 Tðfx 2 E j f ðxÞP tgÞdt of a
measurable function f : E! Rþ with respect to T.
Still another is that T can also be viewed as an ordinary random variable that takes values in the linear space R (actually, it
takes values in ½0;1). This is because T : ðFðE1Þ;BðFðE1ÞÞ; PÞ ! ð½0;1;Bð½0;1ÞÞ is Borel measurable, where FðE1Þ is
equipped with the hit-or-miss topology (or equivalently the Hausdorff metric dH as E1 is compact; see Section 3.3), P is
the probability measure associated with X (Section 3.3) and ðFðE1Þ;BðFðE1ÞÞ; PÞ is considered as a probability space in this
setting.
When T is viewed as a random variable, the relation between T and X is given by the following equivalent events:ða 6 T 6 bÞ ¼ fF 2 FðE1Þ ja 6 TðFÞ 6 bg 
 fF 2 FðE1Þ ja 6 Pðfx 2 X jXðxÞ \ F – ;gÞ 6 bg; ð13Þ
which is obtained from the Choquet Theorem: TðFÞ ¼ PðFðE1ÞFÞ ¼ Pðfx 2 X jXðxÞ \ F – ;gÞ.
Hence, techniques and results on ordinary random variables into the linear space R become available for investigating T .
For instance, the cumulative distribution function of T can be deﬁned in the usual way as follows (noting that 0 6 T 6 1):FTðxÞ ¼
0; if x < 0
PðT 6 xÞ; if 0 6 x 6 1
1; if x > 1
8><>: ð14Þ
Accordingly, the mean, variance and other concepts of ordinary (point-valued) random variables can be deﬁned for T; sto-
chastic convergence of a sequence Tn of Choquet capacities can also be considered just like that for ordinary random vari-
ables. This can lead to a potential approach for investigating RACS.
Recall that T represents X, which in turn describes the given RACS X. The above view of T is different from the construction
given in Molchanov’s book (random capacities, p. 117).
Along with the connections between X and X explored in Section 3, properties of X obtained through T reﬂects the cor-
responding properties of the original given RACS X. Hence, by the preceding paragraph, any RACS X deﬁnes on a LCS space E
induces a point-valued random variable T that characterizes X. Standard results of ordinary random points into metric spaces
are well-formulated (e.g. Billingsley [8]), and corresponding techniques can be helpful for the study of T . On the other hand,
every ordinary random point on a metric space can be viewed as a special RACS (singleton set, see e.g. Molchanov [19], Wei
and Wang [43]). In this way, the studies of RACS and ordinary random variables on metric spaces can be beneﬁcial each
other.
5. Concluding remarks
When E is a LCS metric space but not compact such as Rn, there are Choquet capacities that fail TðFnÞ # Tð;Þ (resp., fail
TðFnÞ # TðFÞ) where Fn # ; (resp., Fn # F) in FðEÞ. Such T’s are not continuous from above on FðEÞ (Section 3.2), and thus
not u.s.c. on FðEÞ since these two types of continuity are equivalent (see Appendix).
Further, as indicated in Remark 3.5, the probability measure of X is deﬁned on the hyperspace F of E; Fn # F does not guar-
antee F Fn # F F where the latter would imply PðF Fn Þ # PðF FÞ and hence TðFnÞ # TðFÞ. This is caused by
F Fn #
T
n2NF Fn  –qFT
n2NFn
¼ F F .
With the induced RACS X, the above problem is resolved: the Choquet capacity T of X is always u.s.c. (and continuous
from above) on its whole hyperspace FðE1Þ since the underlying space E1 is compact. Here, X is actually a random compact
set, represents probability laws of X (Sections 3.3, 3.4 and 3.5), and its Choquet capacity T is u.s.c. Moreover, in the hit-or-
miss topology, XnðxÞ ! XðxÞ if and only if XnðxÞ ! XðxÞ;x 2 X. Consequently, the convergence of any given RACS deﬁned
on E is completely characterized by the convergence of the induced RACS, which are deﬁned on E1. In other words, the studyry u.s.c. function is Borel measurable. A referee pointed out that the measurability follows from Fubini’s theorem: TðFÞ is the expectation of the
r, which is jointly measurable.
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capacities are u.s.c.), which shows a clear advantage of our approach.
Upper semicontinuity of Choquet capacities as a concern in random set theory is now resolved, in the probabilistic con-
text, for the class of LCS metric spaces. The construction of X in this paper provides a framework to deal with RACS X deﬁned
on a LCS metric space E, and is useful for investigating a given stochastic convergence Xn ) X through the equivalent sto-
chastic convergence Xn ) X, where the latter can be studied via the corresponding hypo-convergence hypo ðTnÞ ! hypo
ðTÞ and stochastic convergence Tn ) T . Here, due to their upper semicontinuity, T and Tn’s can be viewed as ordinary random
variables that take values in ½0;1, as described in Section 4.
Consequently, traditional techniques and results developed in probability theory for ordinary random variables and sto-
chastic convergence become a potential and feasible approach for studying RACS X and stochastic convergence Xn ) X of
RACS through the investigation of the corresponding ordinary random variable T and convergence Tn ) T because the spaces
of T and Tn are the linear space R (actually, the unit interval ½0;1). On the other hand, in this direction, the probability spaces
of these random elements involve the (hyper-) compact metric space FðE1Þ.
Appendix: the equivalence between upper semicontinuity and continuity from above
We ﬁrst recall two deﬁnitions of semicontinuity. One is given by Matheron and the other is the traditional one.
Deﬁnition 6.1 (see Matheron [16], Deﬁnition 1-2-2). Let Z be any topological space and w a mapping from Z into FðEÞ (with
hit-or-miss topology). w is said to be u.s.c. [on Z] if for every K 2 KðEÞ, the set w1ðFKÞ is open in Z. w is said to be l.s.c. [on Z] if
for every G 2 GðEÞ, the set w1ðFGÞ is open in Z. Clearly, w is continuous if and only if it is u.s.c. and l.s.c. [since FK ;K 2 F and
FG;G 2 F form a subbase of F ].
Deﬁnition 6.2. Let Z be any topological space and w a mapping from Z into ½0;1 (or R). w is u.s.c. at x0 2 Z if for any  > 0,
there exists an open neighborhood U of x0 satisfying f ðxÞ < f ðx0Þ þ  for all x 2 U (does not rapidly jump upwards). w is l.s.c. at
x0 2 Z if for any  > 0, there exists an open neighborhood U of x0 satisfying f ðxÞ > f ðx0Þ   for all x 2 U (does not rapidly drop
downwards). Clearly, w is continuous at x0 if and only if it is u.s.c. and l.s.c. at x0.
The connection between these two deﬁnitions of (two types) semicontinuity is key to investigate the upper semicontinu-
ity of T (in the sense of the traditional Deﬁnition 6.2). Notice that, in Deﬁnition 6.1, the image space is a hyperspace while, in
Deﬁnition 6.2, the image space is ½0;1 (or R). Utmost, the connection will lead to the following characterization of upper
semicontinuity: for any LCS metric space E,T : FðEÞ ! ½0;1 is u:s:c: ðDefinition 6:2Þ if and only if Fn # F in FðEÞ implies TðFnÞ # TðFÞ: ð15Þ
In particular, if E is also compact, then T is always u.s.c. in the sense of Deﬁnition 6.2 because in this case closed sets and
compact sets of E coincide and hence the condition Fn # F in FðEÞ implies TðFnÞ # TðFÞ is automatically satisﬁed (Section 2.2,
Condition (iii)).
In Deﬁnition 6.1, the image space is the hyperspace FðEÞ, while in Deﬁnition 6.2, the image space is an interval in R. Be-
fore exploring the relation between these two deﬁnitions, we also recall some relevant results of Matheron regarding upper
semicontinuity (Matheron [16, p. 10]).
Matheron’s Corollary 4: ‘‘Let E and E0 be two LCS [metric] spaces and w an increasing mapping from FðEÞ into FðE0Þ [i.e.,
F1# F2 in FðEÞ implies wðF1Þ#wðF2Þ]. Then w is u.s.c. if and only if Fn # F in F implies wðFnÞ # wðFÞ.”
Matheron’s Corollary 5: Let T be an increasing mapping from FðEÞ into the extended real line ½1;1. Then T is u.s.c. if
and only if Fn # F in F implies TðFnÞ # TðFÞ.”
Remark 6.3. In Corollary 4 above, the upper semicontinuity of w is in the sense of Deﬁnition 6.1, and increasing actually
means non-decreasing.
However, to understand the result stated in Corollary 5, we need carefully look into the way the corollary is presented and
the proof that was given by Matheron himself.
Clearly, the upper semicontinuity (refer to the statement ‘‘T is u.s.c.”) in Corollary 5 does not refer to Deﬁnition 6.1 since
the range of T is not a hyperspace, and it does not refer to the continuity from above on K (i.e., TðKnÞ # TðKÞ as Kn # K , which
was stated as ‘‘T is u.s.c. on K” in Matheron’s book) since the condition (continuity from above on F ) in Corollary 5 would be
stronger.
Thus, it seems that the upper semicontinuity in Corollary 5 refers to the (traditional) Deﬁnition 6.2. On the other hand, his
brief proof was: identifying each point x 2 ½1;1 with the closed set fy jy 6 xg and then applying Corollary 4”, which
would mean Deﬁnition 6.1.
In fact, by letting ST : FðEÞ ! fð1; x jx 2 Rg  FðRÞ where STðFÞ ¼ ½1; TðFÞ, Matheron’s Corollay 5 is actually the
following:ST is u:s:c: ðDefinition 6:1Þ if and only if Fn # F in FðEÞ implies TðFnÞ # TðFÞ: ð16Þ
Matheron might be aware of the equivalence between the upper semicontinuity of ST (Deﬁnition 6.1) and the upper semi-
continuity of T (Deﬁnition 6.2) (Lemma 6.4 below). Such an equivalence is so useful to establish the characterization (15).
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of T (Deﬁnition 6.2).
Since 0 6 T 6 1, we redeﬁne the set-valued map ST by ST : FðEÞ ! Fð½0;1Þ where STðFÞ ¼ ½0; TðFÞ for F 2 FðEÞ. Since T is
increasing (strictly, non-decreasing), so is ST . Hence, by Matheron’s Corollary 4, (16) holds for this redeﬁned ST .
Lemma 6.4. ST is u.s.c. on FðEÞ (Deﬁnition 6.1) if and only if T is u.s.c. on FðEÞ (Deﬁnition 6.2).
Lemma 6.4 is implied by the following more general result (Theorem 6.5), where the monotonicity of the relevant map-
pings is not required (but still required in Corollary 4). Lemma 6.4 and Matheron’s Corollary 4 together imply (15).
Theorem 6.5. Let Z be a metric space with metric d, f : Z ! ½0;1 be a real-valued mapping and f : Z ! Fð½0;1Þ be the induced
set-valued map deﬁned by f ðxÞ ¼ ½0; f ðxÞ. Then f is u.s.c. on Z (Deﬁnition 6.1) if and only if F is u.s.c. on Z (Deﬁnition 6.2).
Proof. Necessity. Suppose f is u.s.c. (Deﬁnition 6.1). Need to show that, for each point x0 2 Z, F is u.s.c. at x0 (Deﬁnition 6.2).
If f ðx0Þ ¼ 1, then F is u.s.c. at x0 as F cannot jump upwards at a point when the maximum value has been achieved there.
So we assume f ðx0Þ < 1. Let  > 0. If f ðx0Þ þ P 1, then f ðxÞ 6 f ðx0Þ þ  holds for all x 2 Z. Hence, we can assume
f ðx0Þ þ  < 1, thus K ¼ ½f ðx0Þ þ ;1 is a non-empty compact subset of ½0;1. Now, from the assumption that f is u.s.c., f1ðFKÞ
is open in Z.
Claim 1. x0 2 f1ðFKÞ, i.e., f1ðFKÞ is an open neighborhood of x0 in Z. This is conﬁrmed by the implications
K ¼ ½f ðx0Þ þ ;1 ) ½0; f ðx0Þ \ K ¼ ; () f ðx0Þ ¼ ½0; f ðx0Þ 2 F K () x0 2 f1ðFKÞ.
Claim 2. For any x 2 f1ðFKÞ; f ðxÞ < f ðx0Þ þ . In fact, f ðxÞ ¼ ½0; f ðxÞ 2 F K implies ½0; f ðxÞ \ K ¼ ;. Hence, f ðxÞ < f ðx0Þ þ .
Therefore, F is u.s.c. at x0 (Deﬁnition 6.2).
Sufﬁciency. Suppose that F is u.s.c. at every point of Z (Deﬁnition 6.2). To show that f is u.s.c. (Deﬁnition 6.1), we need to
prove that, for any K 2 Kð½0;1Þ;f1ðF KÞ is open in Z.
If K ¼ ;, then f1ðF KÞ ¼ f1ðFÞ ¼ Z is (of course) open in Z.
Now, assume K – ;. If f1ðFKÞ is empty, it is open in Z. So assume f1ðFKÞ – ;. For any x0 2 f1ðFKÞ, we will show that
there exists an open neighborhood U of x0 in Z such that U#f1ðFKÞ, thus f1ðFKÞ is open in Z. Observe that
f ðx0Þ ¼ ½0; f ðx0Þ 2 F K implies ½0; f ðx0Þ \ K ¼ ;. Hence, f ðx0Þ < inf K and dðf ðx0Þ;KÞ > 0. Let  ¼ dðf ðx0Þ;KÞ. Then
inf K ¼ f ðx0Þ þ . On the other hand, since F is u.s.c. at x0, there is an open neighborhood U of x0 in Z such that
f ðxÞ < f ðx0Þ þ  for all x 2 U. f ðxÞ < f ðx0Þ þ  and inf K ¼ f ðx0Þ þ  together imply ½0; f ðxÞ \ K ¼ ; for every x 2 U. Now,
f ðxÞ ¼ ½0; f ðxÞ 2 F K and thus x 2 f1ðF KÞ. Therefore, x0 2 U#f1ðFKÞ. h
Alternatively, another proof of the necessity of Lemma 6.4 (ST is u.s.c. implies T is u.s.c.) is provided through Lemmas 6.6
and 6.7 below:
Lemma 6.6. (assume T increasing) ST u.s.c. ) T u.s.c.
Proof. First, observe that ST is increasing if and only if T is increasing. If T is not u.s.c. at some F0 2 FðEÞ, then there exists an
0 > 0 such that for any open neighborhood of F0 in FðEÞ, there exists an F in this neighborhood satisfying TðFÞP TðF0Þ þ 0.
Now, choose a sequence Fn in FðEÞ satisfying Fn ! F0 and TðFnÞP TðF0Þ þ 0. Let F 0n ¼ clð
S
kPnFkÞ (closure in E). Matheron
established the following result: Fn ! F0 in FðEÞ implies F0 ¼
T
nP1clð
S
kPnFkÞ (Matheron [16, p. 8]). Hence, F 0n # F0 in FðEÞ
(i.e., F 0n is a decreasing sequence and
T
nP1F
0
n ¼ F0). Moreover, ST is an increasing mapping. Hence, by Matheron’s Corollary
4, we have STðF 0nÞ # STðF0Þ in Fð½0;1Þ, which implies TðF 0nÞ ! TðF0Þ in ½0;1, contradicting to TðF 0nÞP TðFnÞP TðF0Þ þ 0.
Therefore, T is necessarily u.s.c. at every point of FðEÞ when T is increasing and ST is u.s.c. on FðEÞ. h
The monotonicity of T is not necessary in Lemma 6.6.
Lemma 6.7. (no monotonicity assumption on T) ST u.s.c. ) T u.s.c.
Proof. If T is not u.s.c. at some F0 2 FðEÞ, then there exists an 0 > 0 such that for any open neighborhood of F0 in FðEÞ, there
exists an F in this neighborhood satisfying TðFÞP TðF0Þ þ 0. As 0 6 T 6 1, we can assume TðF0Þ þ 0 6 1. Now, choose a
sequence Fn satisfying Fn ! F0 and TðFnÞP TðF0Þ þ 0. Put K ¼ ½TðF0Þ þ 0;1. As K \ STðF0Þ ¼ K \ ½0; TðF0Þ ¼ ;, we have
STðF0Þ 2 Fð½0;1ÞK , implying F0 2 ðSTÞ1ðFð½0;1ÞKÞ; as TðFnÞP TðF0Þ þ 0, we have STðFnÞ \ K – ; and consequently
STðFnÞ R Fð½0;1ÞK , implying Fn R ðSTÞ1ðFð½0;1ÞKÞ. Since ST is u.s.c., ðSTÞ1ðFð½0;1ÞKÞ is an open neighborhood of F0 in
FðEÞ, not contaning any Fn (nP 1). This contradicts to Fn ! F0 in FðEÞ. 
Remark 6.8. For any random compact set X deﬁned on a LCS metric space E, its associated Choquet capacity T is always u.s.c.
(Deﬁnition 6.2). To see this, by (15), it sufﬁces to show that T is continuous from above on FðEÞ.
Let Fn # F, and let e be any positive number. By the tightness of X (see Molchanov [19, p. 21]), there exists a compact set K
of E such that PðX#KÞP 1 e. For n 2 N, write Fn ¼ ðFn \ KÞ [ ðFn n KÞ. By the monotonicity and subadditivity of T, we haveTðF \ KÞ 6 TðFÞ 6 TðFnÞ 6 TðFn \ KÞ þ TðFn n KÞ;
440 G. Wei et al. / International Journal of Approximate Reasoning 51 (2010) 429–440whereTðFn n KÞ ¼ PðX \ ðFn n KÞ – ;Þ 6 PðXKÞ ¼ 1 PðX#KÞÞ 6 e
andTðFn \ KÞ # TðF \ KÞ
since ðFn \ KÞ # ðF \ KÞ (noting that Fn \ K and F \ K are all compact).
Because e is arbitrary, we have proved that TðFnÞ # TðFÞ.Acknowledgments
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